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Abstract: This paper proposes an improved admittance matrix two buses of the line terminals, in order to estimate the line
estimation method on power networks based on hybrid parameters. Nevertheless, the cost could be quite high for large
measurements. The method only requires voltage magnitude systems. To overcome this shortcoming, literature [8] installs at
measurements for the most buses, and PMU measurements are only
placed on very limited number of buses. The proposed approach least one PMU for each line to make the system observable and
first improves the existing admittance matrix estimation method via the measurement of the other end is obtained by the hybrid state
establishing a new model of the power networks under estimation, estimator. Literature [9] improves the method of [8] and add
with system voltage phasors and the admittance matrix as the suspicious lines. However, classical estimation methods do not
unknown states. Afterwards, the model is solved through the fully consider the entire topology of the system, leading to
Newton’s method to obtain the admittance matrix. Numerical compromised parameter estimation accuracy.
experiments validates that accurate and reliable estimation of the
Network estimation methods estimate the line parameters
admittance matrix can be achieved using the proposed method. The
with
consideration of topology information of the network. For
method also demonstrates robustness towards measurement errors.
Index Terms: admittance matrix estimation, hybrid measurements, the widely adopted radial power network in China, literature [10]
gives a full derivation of the measurement model which
PMU measurements, voltage magnitude measurements
considers the information of network topology and measurement
I. INTRODUCTION
constraints. Literature [11] suggests that the branch parameters
arameters of power system networks (for example series estimation should be applied to suspicious lines rather than all
resistance, series reactance and shunt admittance) are usually the systems. However, the suspicious lines cannot be determined
provided by the utilities. Nevertheless, in practice these in reality. Besides, researchers also proposed methods based on
parameters may not be quite accurate in the utility database. estimating the admittance matrix. The concept is that the voltage
Furthermore, the values of parameters could be easily affected vector and current injection vector can be related through
by environmental factors like temperature or weather, human admittance matrix, and the admittance matrix can be fully
activities and usage time [1-2]. Therefore, line parameters in the estimated by measuring the voltage and current injection of each
power networks always vary from the nominal values: there bus. Since the bus current injection is equal to zero when the bus
could be even 25%-30% differences between the actual values is not connected to power sources, these methods do not need to
and the nominal values [3]. This leads to problematic results for measure the current on most buses compared with classical
many applications such as power flow calculation, transmission estimation methods. Paper [12] estimates the admittance matrix
line protection, fault location etc., since these applications in the from the optimization view by using snapshots. Paper [13]
power networks require accurate line parameters. As a result, an estimates the admittance matrix from the statistic distribution
accurate and reliable line parameters estimation method of the view by using snapshots. Even though network estimation
power networks is of great importance. To solve this problem, methods fully exploit the topology information of a power
researchers proposed a series of methods for parameter network and they can avoid measuring currents on most buses in
estimation, and can be mainly classified into classical estimation the system, present methods still require installations of PMUs
schemes and network estimation schemes.
at all the buses to ensure synchronization, which may still
Classical estimation methods follow the idea of the increase costs for a practical power networks.
conventional two-terminal line parameters estimation in a power
This paper proposes an improved admittance matrix
network. The concept is to consider any two adjacent buses as a estimation method on power networks based on hybrid
two-terminal system. By using line parameters estimation measurements: combinations of PMU measurements and voltage
techniques in a two-terminal system, the branch parameters magnitude measurements. Accurate and reliable admittance
corresponding to the two-terminal line can be fully estimated. matrix estimation can be obtained through installing PMUs at a
Traveling wave parameter estimation [4] utilizes information of few key buses and measuring the magnitude of the voltage at the
voltage and current waveforms captured by the digital relays to rest of the buses. Through this way, the number of PMU can
estimate the line parameters. It uses the wave propagation speed much be reduced and phase angle measurements can be avoided
equation to make the estimation results more accurate. In [5], the for the most buses, and therefore the proposed method is
long line parameters are estimated through long line π equivalent compatible with the practical power networks. In particular, the
circuit; the literature also uses both PMU and SCADA data to proposed method establishes a new model of the power network
make the estimation results more accurate. Literature [6] under estimation, with system voltage phasors and admittance
proposes a time-domain method for estimation of three phase matrix as the unknown states to be estimated. Numerical
untransposed line parameters by using Kalman filter. Literature experiments prove that the proposed method can accurately
[7] estimates line parameters of three phase synchronous system estimate the admittance matrix on power networks using hybrid
in phasor domain by using ordinary least-squares; it can be measurements.
applied for both fully transposed and untransposed transmission
The remainder of the paper is arranged as follows. Section II
lines. Note that references [4-7] need to install the PMU at both gives the fundamental model of the power networks and derives
ends of the line, meaning that we need to install the PMU at the the proposed approach. Section III provides numerical
experiments where the performances of the proposed method are
This work is sponsored by National Nature Science Foundation of China
examined. Section IV concludes a conclusion.
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II. PROPOSED BUS ADMITTANCE MATRIX ESTIMATION METHOD
BASED ON HYBRID MEASUREMENTS
In this session, we will first review the fundamental model of
the power networks. After that, the proposed bus admittance
matrix estimation method based on hybrid measurements will be
presented in detail. In fact, the value of admittance matrices may
vary due to change of ground resistivity, temperature, weather,
etc. Here the admittance matrix to be estimated is assumed as a
constant matrix within a short period of time.
A. Fundamental model of power networks
For a power network system with n buses, the voltage phasors
and current injection phasors can be related through an
admittance matrix Ybus as show in (1).

Ybus Vbus = I bus
where Ybus 

Vbus 

n1

n n

(1)

is an admittance matrix of the n bus system,

is a vector containing the voltage phasors at all bus
n1

in the n bus system, I bus 
is a vector containing the current
injection phasors at all bus in the n bus system. Note that if the
i th bus is connected to a power source, the i th entry of I bus is
non-zero (otherwise the entry of I bus is zero). Therefore, we can
classify the buses by the type of measurements, as shown in
Table 1. Note that here equation (1) requires phase angle
information for voltages and currents; therefore, traditional
methods usually utilize PMU measurements. It is also notable
that there are two kinds of buses in the system: one kind is the
key buses that are connected to the power sources, while the
other kind is the normal buses that are not connected to power
sources.
Table 1. Bus types of the power networks
Bus type
Measurement
Voltage
and current, PMU
1 (connected to sources)
measurements
2 (others)
Voltage, PMU measurements

Modeling for Estimation of Bus Admittance Matrix Based
on Hybrid Measurements
From (1) and the Table 1, one can observe that the
fundamental model utilizes the voltage PMU measurements at
all the buses and the current PMU measurements at the buses that
are connected to power sources. It is worth noting that in order
to measure the phasor angle of the voltages, we still need to
install PMUs even for type 2 buses. However, it is unlikely to
place PMUs at all the bus for practical power networks. In order
to reduce the number of PMUs installed inside the power
networks and avoid measuring voltage phase angles of the type
2 buses, we provide new definitions of bus types as shown in
Table 2. For the buses without connection to the sources, we only
have voltage magnitude measurements. It is more practical to
place the devices that only measure the voltage magnitude in the
system for type 2 buses.
B.

Table 2. New definition of bus types
Bus type
Measurement
Voltage
and current, PMU
1 (connected to sources)
measurements
2 (others)
Magnitude of voltage

Here the PMU measurements are installed on generator buses
(type 1 buses) and the voltage magnitude measurements are
installed on the other buses (type 2 buses). Note that for the
proposed modeling, the minimum number of PMUs is equal to
the number of sources (the problem will have more redundancy
if PMU measurements are also available on some type 2 buses).
For the following analysis, the measurement installation in

Table 2 is taken as examples to ensure the minimum number of
PMUs. Note that the real and imaginary parts of the voltage
phasors of the type 2 buses are unknown; we only know the
voltage magnitude information. In this section, the formulation
of the new model and the reason of how it works will be given
as follows,
Separate the real and imaginary part of (1), we could get an
equivalent formulation (2),
(2)
Y V = I
where
 real (Ybus ) −imag (Ybus ) 
2 n 2 n
,
Y =

imag (Ybus ) real (Ybus ) 
 real ( I bus ) 
 real (Vbus ) 
2 n1
2 n1
, I =
,
V =


imag ( I bus ) 
imag (Vbus ) 
where real ( ) denotes the real part of the matrix ( ) , and
imag ( ) denotes the imaginary part of the matrix ( ) .
Next, the proposed method will add extra rows to the
admittance matrix as well as the measurement current injection
vector. Define the extra rows added into the admittance matrix
as ‘Phasor Information Matrix’: PIM  p2 n ; define the extra
rows added into the measurement current injection vector as
‘Magnitude Information Matrix’: MIM  p1 . p is the number
of type 2 buses in the power network (i.e. p = 6 in the 9-bus
system show in Figure 3 in section III).
The details of PIM and MIM are dependent on the
indexing of the type 2 buses. For example, the indexing we
designed for the 9-bus system in Figure 3 is shown as Table 3.
Table 3. Type 2 bus indexing for the 9-bus system
Type 2 bus number
4
5
6
7
8
1
2
3
4
5
Row index for the PIM , MIM

9
6

From the Table 3, we will construct PIM and MIM step by
step as follows. Separate PIM as PIM =  PIM real PIM imag  ,
p n

where PIM real 
and PIMimag  pn containing the real
and imaginary part of the voltage phasors of the type 2 buses
respectively. With the bus number g and the row index for the
PIM and MIM (the index is represented as variable k), PIM and
MIM can be constructed as,
 PIM real k , g = real ((Vbus ) g ,1 )
 PIM imag  = imag ((Vbus ) g ,1 )
k,g
(3)
PIM =  PIM real PIM imag 
 MIM k ,1 = (real ((Vbus ) g ,1 ))2 + (imag ((Vbus ) g ,1 ))2

where   j ,k represents the value of   at row j , column k .
In order to better understand the relationship between the
PIM and V , we just take the 9-bus system as an example. The
relationship is shown in Figure 1. From Figure 1, we can see that
PIM contains the real and imaginary part of the type 2 bus
voltage phasor. Similarly, to better understand the relationship
between the MIM and V , the 9-bus system is also taken as an
example. The relationship is shown in Figure 2. From Figure 2,
we can see that MIM contains the squared magnitude of the
type 2 bus voltage phasor.
After constructing PIM and MIM, the final formulation of
our proposed method can be derived. Define the augmented
matrices YPIM and I MIM as,
Y
I
, I

(4)
YPIM = 
=
 PIM  MIM  MIM 
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(2 n + p ) 2 n

(2 n + p )1

where YPIM 
and I MIM 
.
Therefore, equation (2) can be rewritten with the augmented
matrices as defined in (5),
YPIM V = I MIM
(5)
 real (v1 ) 
 real (v2 ) 
 real (v3 ) 
 real (v ) 
0
 real (v4 ) 
0
5 

0
 real (v6 )  PIM real = 0
real
(
v
)

7 
0
 real (v8 ) 

 real (v9 ) 
0

V =
 imag (v1 ) 
0
imag (v ) 
0
imag (v2 ) 
0
3

 PIM
imag =  0
imag (v4 ) 
0
imag
(
v
)

5 

imag (v6 ) 
0
imag (v7 ) 
 imag (v8 ) 
imag (v ) 
9 


0
0
0
0
0
0

0 real (v4 )
0
0
0
0
0 
0
0
real (v5 )
0
0
0
0 
0
0
0
real (v6 )
0
0
0 
0
0
0
0
real (v7 )
0
0 
0
0
0
0
0
real (v8 )
0 

0
0
0
0
0
0
real (v9 ) 

0
0
0
0
0
0

0 imag (v4 )
0
0
0
0
0


0
0
imag (v5 )
0
0
0
0

0
0
0
imag (v6 )
0
0
0

0
0
0
0
imag (v7 )
0
0

0
0
0
0
0
imag (v8 )
0

0
0
0
0
0
0
imag (v9 ) 

Figure 1. Relationship between V and PIM
 real (v1 ) 
 real (v2 ) 
 real (v3 ) 
 real (v ) 
 real (v4 ) 
5 

 real (v6 ) 
 real (v7 ) 
(real (v4 )) 2 + (imag (v4 )) 2 
 real (v8 ) 
 (real (v )) 2 + (imag (v )) 2 
5
5
 real (v9 ) 

2
2
 MIM =  (real (v6 )) 2 + (imag (v6 )) 2 
V =
 imag (v1 ) 
(real (v7 )) + (imag (v7 )) 
imag (v ) 
 (real (v8 )) 2 + (imag (v8 )) 2 
imag (v2 ) 
 (real (v )) 2 + (imag (v )) 2 
9
9


3


imag (v4 ) 
imag (v5 ) 
imag (v6 ) 
imag (v7 ) 
 imag (v8 ) 
imag (v ) 
9 


(2)
YPIM

(1)
 V (1)   I MIM

 V (2)   I (2) 

 =  MIM 
 (m) 
(m)   ( m) 
YPIM  V   I MIM


the hth snapshots of the matrix or the vector.
In order to simplify the notation, rewrite equation (6) as,
(7)

(1)
YPIM

(2)


Y
(2 mn + mp ) 2 mn
PIM
where Ysnap = 
is a block


( m) 
YPIM 

(1)
(m)
diagonal matrix whose entries are from YPIM to YPIM ,
(1)
(2)
Vsnap  2 mn1 = [V (1) ,V (2) , ,V ( m ) ]T , I snap  2 nm1 = [ I MIM , I MIM , ,

( j)

( j)

(m) T
I MIM
] , the definitions of YPIM , V ( j ) and I MIM are shown as

Real part of off-diagonal values of Ybus
Real part of the diagonal values of Ybus

19 to 27

Imaginary part of off-diagonal values of Ybus

28 to 36

Imaginary part of diagonal values of Ybus
Real part of voltage phasors of type 2 buses, snapshot
1 to 4 (6 buses × 4 snapshots)
Imaginary part of voltage phasors of type 2 buses,
snapshot 1 to 4 (6 buses × 4 snapshots)

61 to 84

(6)

Table 4. Definitions of state vector x
Values in the admittance matrix Ybus

10 to 18

37 to 60

Y
 ,
(h)
where m is the number of snapshots, YPIM
= 
(h)
 PIM 
(h)
(h)
 I (h)
 V ( h ) =  real (Vbus ) 
(h)
,
I MIM
=

 , and ( ) represent
(h) 
(h)
imag
(
V
)
 MIM 

bus 


Ysnap Vsnap = I snap

Parameters Estimation via the Newton’s Method
Next, the way to estimate the admittance matrix Ybus is
presented. Rewrite (7) as follows,
(8)
y = G( x)
where y = I snap is the measurement vector (including voltage
phasor/current injection phasor measurements of type 1 bus, and
squared voltage magnitude measurements of type 2 bus), x is the
state vector to be solved. Here the state vector x contains
parameters within the matrix Ybus and also the real/imaginary
parts of the type 2 bus voltage phasors. For the example 9-bus
test system in Figure 3, there are 18 non-zero complex entries in
Ybus to be estimated, corresponding to 36 real values. In addition,
here we assume that 4 measurement snapshots are adopted.
Therefore, the definitions of the state vector x for the example 9bus system is shown in Table 4.
C.

Row
index
1 to 9

Figure 2. Relationship between V and MIM
Assume that the parameters to be estimated are constants
within a short period of time. In order to increase redundancy of
the parameter estimation problem, the idea of snapshots is
applied [10], where each snapshot corresponds to one group of
voltage/current measurements. With serval snapshots within a
short period of time, we have,
(1)
YPIM





above, and j  1, m .

To systematically solve the state vector x in (8), the following
optimization problem is formulated,
1
2
(9)
min F ( x) = min G ( x ) − y 2
x
x
2
where 2 represents the L2 norm of the vector.
Equation (9) can be solved through the Newton’s method,
x w+1 = x w − H x−1 ( x w )  x F ( x w )
(10)
where H x =  F ( x ) x is the Hessian matrix of F ( x ) ,
 x F ( x ) = F ( x ) x is the gradient vector of F ( x ) .
In fact, one can observe that it is challenging to derive the
analytical expression of H x and  x F ( x ) . Therefore, here the
numerical difference format is utilized to numerically calculate
the H x and  x F ( x ) ,
2

2

 x F ( x w )  =  F ( x w + (h) k ) − F ( x w − (h) k )  (2x) (11)
k ,1
 F ( x w + (h) j + (h) k ) 
 − F ( x w + (h) − (h) ) 
j
k 
 H x ( x w )  = 
(12)
(4(x) 2 )
w
j ,k
 − F ( x − (h) j + (h) k ) 
 + F ( x w − (h) j − (h) k ) 


th
where ( h) j represents a vector whose j entries is x (other
entries are zero), x is a small perturbation.

III. NUMERICAL EXPERIMENTS
The proposed method is validated in the IEEE 9-bus test
system. The single line view of the system is shown in Figure 3.
The IEEE 9-bus system includes 3 generator buses (bus 1, 2, 3),
3 loads, 6 branches and 3 transformers. The available
measurements include voltage and current PMU measurements
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: Line
: Load

5

9
: Voltage and current,
PMU measurements
: Magnitude of voltage
measuremetns

4
T1

G1 (Generator) : 16.5 kV
G2 (Generator) : 18 kV
G3 (Generator) : 13.8 kV

T1 (Transformer) 16.5 kV : 345 kV
T2 (Transformer) 18 kV : 345 kV
T3 (Transformer) 13.8 kV : 345 kV

1
G1

Figure 3. 9-bus system power network
Table 5. Available measurements for the 9-bus system
Bus number
Measurement
1-3 (connected to sources)
Voltage and current, PMU
measurements
4-9 (others)
Magnitude of voltage

To validate the performances of our method, the real and
imaginary absolute error of the estimated is defined as (AM is
short for “entry of the admittance matrix”),
Real AM Error (%) =
Imag AM Error (%) =

Estimated real ( AM ) − Actual real ( AM )
real ( AM )2 + imag ( AM )2
Estimated imag ( AM ) − Actual imag ( AM )
real ( AM )2 + imag ( AM )2

100% (13)
100% (14)

A. Admittance Matrix Estimation
To simplify the notation, define Yre = real (Ybus ) and
Yim = imag (Ybus ) . The summary of the actual/estimated values of
Yre and Yim are shown in Table 6 and Table 7, respectively. The
results of other entries of Ybus matrix are not provided since they
are always zero due to the network topology. One can observe
that the error is very small (the actual and the estimated values
are almost the same). The visualization of the absolute errors of
Yre and Yim is shown in Figure 4. Here the aforementioned zero
entries of the matrices are represented with the white color. The
maximum absolute error of the Yre is 0.028% , the maximum
absolute error of the Yim is 0.058% . In fact, the authors have
verified that the estimated admittance matrix satisfies (2) very
accurately. In addition, the authors have substituted the estimated
admittance matrix into some applications such as power flow.
The results have shown that the estimated admittance matrix
enables very accurate power flow results.
Table 6. Actual and estimated values of Yre (unit: p.u.)
Matrix
entry
(Yre )1,4

Actual
Value
0.0000

Estimated
Value
0.0031

Matrix
entry
(Yre )1,1

Actual
Value
0.0000

Estimated
Value
0.0032

(Yre ) 2,8

0.0000

0.0025

(Yre ) 2,2

0.0000

0.0025

(Yre )3,6

0.0000

0.0035

(Yre )3,3

0.0000

0.0037

(Yre ) 4,4

3.3074

3.3057

-1.3652

-1.3624

(Yre )5,5

3.2242

3.2277

(Yre )5,6

-1.2820

-1.2837

(Yre )6,6

2.4371

2.4405

(Yre )8,9

-1.1876

-1.1883

(Yre )7,7

2.7722

2.7694

(Yre )7,8

-1.6171

-1.6156

(Yre )8,8

2.8047

2.8118

(Yre )7,6

-1.1551

-1.1575

(Yre )9,9

2.5528

2.5563

Table 7. Actual and estimated values of Yim (unit: p.u.)
Matrix
Actual
Estimated Matrix
Actual
Estimated
entry
Value
Value
entry
Value
Value
(Yim )1,4
(Yim )1,1
17.361
17.364
-17.361
-17.370
(Yim ) 2,8 16.000
(Yim ) 2,2 -16.000
16.008
-16.001

(Yim )3,6

17.065

17.052

(Yim )3,3

-17.065

-17.057

(Yim ) 4,5

10.511

10.515

(Yim ) 4,4

-39.301

-39.292

(Yim ) 4,9

11.604

11.597

(Yim )5,5

-15.841

-15.840

(Yim )5,6

5.5882

5.5884

(Yim ) 6,6

-32.154

-32.144

(Yim )8,9

5.9751

5.9776

(Yim ) 7,7

-23.303

-23.290

(Yim ) 7,8

13.698

13.704

(Yim )8,8

-35.445

-35.427

(Yim )7，6

9.7842

9.7879

(Yim )9,9

-17.338

-17.349

%
0.028

1
2
3
4
5
6
7
8
9

0.026

0.024

1 2 3 4 5 6 7 8 9 0.022
Row index of matrix
(a). absolute error of Yre

Column index of matrix

G3

-1.9415

%
0.058
0.055
0.05
0.045
0.04

1
2
3
4
5
6
7
8
9

1 2 3 4 5 6 7 8 9

Row index of matrix
(b). absolute error of Yim
Figure 4. Absolute error of Yre and Yim , 9-bus system

B. Robustness towards Measurement Errors
To validate the practicability of the proposed method, the
effect of measurement errors is studied. The measurement errors
are selected as follows. The Gaussian noises with zeros mean and
0.8% standard deviation are added to the voltage magnitude
measurements [14]. Gaussian noises with zeros mean and 0.01%
standard deviation are added to the PMU phasor measurements
respectively [14]. Due to space limitation, here we only show the
visualization of absolute errors of Yre and Yim show in Figure 5.
The maximum absolute error of the Yre is around 0.26% , and
the maximum absolute error of the Yim is 0.25% .
%
%
0.25
1
1
0.25
2
2
0.2
3
0.2
3
4
4
0.15
0.15
5
5
6
6
0.1
0.1
7
7
8
8
0.05
0.05
9

1 2 3 4 5 6 7 8 9

Row index of matrix
(a). absolute error of Yre

Column index of matrix

6 T3 3

7

-1.9422

(Yre ) 4,9

Column index of matrix

2 T2 8
G2

(Yre ) 4,5

Column index of matrix

at bus 1, 2 and 3 (corresponding to buses connected to the power
sources), and voltage magnitude measurements at bus 4, 5, 6, 7,
8 and 9, as shown in Table 5. All the branch parameters in the
simulation come from Matpower (https://matpower.org/). The
number of snapshots for this system is four. The 9-bus system is
simulated in PSCAD/EMTDC, and instantaneous measurements
are first captured with the standard sampling rate of 80
samples/cycle according to IEC61850-9-2 standard. Afterwards,
the voltage and current phasors are extracted according to IEEE
C37.118 standard. In fact, the value of admittance matrices could
be affected by the operating frequency of the system. Here we
assume steady state operation of the system, with the
fundamental frequency of 60 Hz.

9

1 2 3 4 5 6 7 8 9

Row index of matrix
(b). absolute error of Yim

Figure 5. Absolute error of Yre and Yim , 9-bus system, with
measurement errors

Since the noises of PMU measurements and voltage
magnitude measurements are random values, the robustness of
the proposed admittance matrix estimation method towards
measurements may not be properly evaluated based on one
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single scenario. To further evaluate the performance of the
proposed method considering random noises, a large number of
scenarios are generated and the average of the maximum
absolute errors of the Yre and Yim are shown in Table 8. One can
observe that the maximum error is less than 0.34%, proving the
robustness of the proposed method towards measurement errors.
Table 8. Average of the maximum absolute errors of Yre and Yim ,
Number of
Scenario
5
10
20
50
100

with large number of scenarios
Average maximum
Average maximum
absolute error of Yre
absolute error of Yim
0.22%
0.31%
0.34%
0.27%
0.25%

0.24%
0.27%
0.21%
0.29%
0.31%

IV. CONCLUSION
This paper proposes a novel admittance matrix estimation
method on power networks based on hybrid measurements. The
proposed method only needs to install a few PMUs at key buses
while placing voltage magnitude measurements at the rest of the
buses. To work with the hybrid measurements, the proposed
method formulates a new model of the power networks, and
utilize Newton’s method to solve the unknown admittance
matrix of the system. Numerical experiments prove that the
proposed method can accurately and reliably estimate the
admittance matrix. In addition, this method presents robustness
towards measurement errors.
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