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Abstract— Accurate fault location method reduces power outage
time and operational costs. In this paper, a novel natural frequency
based fault location method is proposed for untransposed
transmission lines. The new method is without the assumption that
the transmission line is geometrically symmetrical by reconstructing
the new phase to model transformation matrix. The connections of
mode networks during faults with the new transformation matrix are
also derived, to ensure validity of the fault location method.
Numerical experiments prove that the proposed fault location
approach presents higher fault location accuracy compared to
existing natural frequency based fault location method during phase
faults with different fault types, locations and impedances.
Index Terms—fault location, natural frequency, untransposed
lines, phase to model transformation

I. INTRODUCTION
Accurate fault location method is valuable for reducing the
power outage time and operating costs of the power system.
Fault location methods of transmission lines have received
widespread attention in literatures. Existing fault location
methods can be mainly divided into fault analysis based
methods and traveling wave based methods.
A. Fault analysis based methods
Fault analysis based methods calculate the distance between
one terminal and the fault location by constructing the
relationship of voltages and currents at the measure terminal
using the relevant parameters of the transmission line. Fault
analysis based method can be further classified into singleended method and dual-ended method.
Single-ended method calculates the fault distance by using
one-end current and voltage measurements to compute the
distance between the fault location and the measurement. The
main advantage of single ended method is not requiring the
communication from the remote terminal and the measurement
terminal which can be simpler and more economical comparing
with dual-ended methods. But the disadvantage of single-ended
method is that the accuracy is affected by many factors such as
fault impedances and source impedances [1].
The dual-ended methods are developed to overcome the
limitation of the single ended method. Dual-ended method use
voltages and currents at both ends of the transmission line. The
physical relationship among measured voltages, measured
currents and fault location can be expressed either using phasor
domain [2] or time domain [3,4] expressions. As these methods
using two ends information to calculated the fault distance,
dual-ended method is typically not affected by the source
impedance and fault impedance. However, for dual-ended
method, it is necessary to obtain the voltage and current
information from the other end, so these methods require
communication channels from the other end. The dual-ended
method is also divided into GPS synchronized and nonsynchronized methods [5].
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B. Traveling wave based method
When a fault occurs on the transmission line, high frequency
traveling waves are generated on the transmission line and
reflected between terminals and the fault location. Traveling
wave based methods monitor the traveling waves at one or both
ends of the line. In these methods, the fact that the traveling
time is proportional to the fault location is used to determine the
fault location. Single ended methods [6] utilize subsequent
wavefront arrival time at the local terminal of the line to
determine the fault locaiton, include the type A, C, E and F fault
locators. Dual-ended methods [7,8] such as type B and D fault
locators detect the arrival of the first wavefront at both sides
then use the arrival time difference to calculated the fault
location. The effectiveness of the traveling wave based
approaches highly depends on the reliable detection of
wavefronts. However, the detection reliability may be
compromised especially during faults with small inception
angles or faults with gradually changing fault resistance.
Natural frequency based fault location approaches have been
adopted in both HVDC [9] and HVAC [10] systems in recent
years. The main idea is to use the information embedded in the
traveling-wave spectrum: the dominant frequency is
proportional to the reciprocal of the location of the fault. These
methods only require local information (single-ended
approaches) and do not require reliable detection of wavefronts.
When applied to AC systems, Clarke transformation is usually
utilized to transform the phase network into decoupled mode
networks and to find the fault location. However, when applied
to untransposed lines in AC systems, Clarke transformation
may not be able to fully decouple the three phase transmission
lines, which may bring errors for the existing natural frequency
based fault location approaches.
C. Proposed method
In this paper, an improved natural frequency based line fault
location method in untransposed lines is proposed. To fully
decouple the three phase transmission line into three
independent single mode networks, unlike the existing method
which utilizes Clarke transformation to decouple the three
phase transmission line, the proposed method reconstruct a
general transformation matrix that works with asymmetrical
tower structures and arbitrary parameters. Without the
symmetry assumption, more accurate wave speed and mode
networks during faults can be obtained by using the new
transformation matrix. Consequently, the proposed method has
higher accuracy compared to the existing method. The
remainder of the paper is arranged as follows. Section II
reviews the existing natural frequency based fault location
approach. Section III introduces the proposed method by
constructing a new transformation matrix and deriving the
connections of mode networks during faults with the new
transformation matrix. Section IV verifies the effectiveness of
the proposed method through the numerical experiments.
Section VI draws a conclusion.
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II. REVIEW OF THE EXISTING NATURAL FREQUENCY BASED
FAULT LOCATION METHOD
This section reviews the existing natural frequency based
fault location method. First, the three phase transmission line is
modeled using partial differential equations and is decoupled
into different modes using Clarke transformation. Second, the
natural frequency based fault location approach on the mode
network is introduced.
A. Modeling and decoupling of three phase transmission lines
A fault will generate the traveling waves along the
transmission line, which will reflect and transmit at each
discontinuity of the line. The traveling wave propagation can be
described by partial differential equations. Here, a three phase
lossless transmission line is taken as an example as shown in
Figure 1. um ( x, t ) and im ( x, t ) ( m = a, b, c ) are per phase
voltages and currents on the transmission line at the location x .
The matrices L and C are the inductance and capacitance
matrices per unit length. The length of the overall transmission
line is l.
ua ( x , t )

Matrix Cdx

Matrix Ldx

ua ( x + dx, t )
ia ( x + dx, t )

ia ( x, t )

ub ( x + dx, t )

ub ( x, t )

ib ( x + dx, t )

ib ( x, t )

uc ( x + dx, t )

uc (x, t)

ic ( x + dx, t )

ic ( x, t )

x

dx

l
Figure.1 The three phase lossless transmission line model

The partial differential equations representing this model are,
2
2
2
2
∂
° uabc ( x, t ) ∂x = LC ∂ uabc ( x, t ) ∂t
(1)
® 2
2
2
2
°̄∂ iabc ( x, t ) ∂x = CL∂ iabc ( x, t ) ∂t
where uabc = [u a ub uc ] and iabc = [ia ib ic ]T .
According to equation (1), the matrix CL or LC is not a
diagonal matrix, and therefore the three phase voltages and
currents are coupled. In order to simplify the solution procedure,
transformation matrices Tu and Ti are usually adopted to
transform phase components into mode components,
u123 ( x, t ) = Tu ⋅ uabc ( x, t ) , i123 ( x, t ) = Ti ⋅ iabc ( x, t ) (2)
Clarke transformation matrix is widely chosen to decouple
three phase transmission lines [10-12]. The Clarke
transformation matrix is defined as,
T

ª1 1
1 º
»
1«
(3)
Tu = Ti = Tclarke = « 2 −1 −1 »
3«
»
3 − 3¼
¬0
where mode 1, 2 and 3 here are also known as zero mode, alpha
mode and beta mode, respectively.
Under the assumption that the transmission lines are ideally
transposed, the matrix TClarke CLTClarke −1 and TClarke LCTClarke −1
are diagonal matrices. In this case, the transmission line is
completely decoupled. Therefore, the three phase transmission
line can be treated as three single mode transmission lines.

B. Review for existing fault location algorithm
After decoupling the three phase transmission line into three

independent single mode transmission lines, the existing natural
frequency based fault location algorithm [10] selects a certain
mode and calculates the fault location by,
d = (θ1 + π )v (4π f d )
(4)
where f d is the dominant frequency of the fault current signal
of the certain mode, v is the wave speed of the traveling wave
of the certain mode, and θ1 is the angle of reflection coefficient
of the certain mode at the line terminal.
The spectrum of the signal is extracted using the multiple
signal classification [9]. There are frequency peaks in the
spectrum, and the frequency corresponds to the first peak is
selected to calculated the fault location, because it has the
largest amplitude other than the fundamental frequency, and
can be identified easily.
Note that the aforementioned calculations (including
equation (4) itself) are all corresponding to a certain mode and
are based on the assumption that the transmission line is fully
decoupled. In the existing method, the three phase transmission
line is decoupled using the standard Clarke transformation [5,9].
However, using the Clarke transformation matrix can just
completely decouple the ideally transposed transmission lines,
but probably not untransposed lines. In addition, the wave speed
using the Clarke transformation may also be inaccurate. These
factors may generate fault location errors in practice.
III. PROPOSED METHOD
In the proposed method, the three phase untransposed
transmission lines will be fully decoupled. For general
untransposed transmission line cases, the transmission line is
asymmetrical. Therefore, applying the Clarke’s matrix to
decouple the transmission line may generate errors since the
matrix Tclarke CLTclarke −1 is not a diagonal matrix. To eliminate
such errors, we need to find a new transformation matrix and
then derive the connections of the corresponding mode
networks during faults using the new transformation matrix.
A. Constructing the new transformation matrix
The eigenvalue decomposition for matrix CL and LC can be
represented as,

°CL = Ai Ai −1
(5)
®
−1
°̄ LC = Au Au
where A is the eigenvector matrix and λ is eigenvalue matrix.
Let Ti = Ai −1ˈTu = Au −1 , we can obtain,

°Ti CLTi -1 = Ti Ai Ai -1Ti -1 = diag ([ 1 2 3 ])
®
-1
-1
-1
°̄Tu LCTu = Tu Au Au Tu = diag ([ 1 2 3 ])

(6)

where diag ([⋅]) is a diagonal matrix with the diagonal [⋅] .
Substitute equation (2) into equation (1),
°∂ 2 u123 ( x, t ) ∂x 2 = Tu LCTu −1∂ 2 u123 ( x, t ) ∂t 2
(7)
® 2
2
2
−1 2
°̄∂ i123 ( x, t ) ∂x = Ti CLTi ∂ i123 ( x, t ) ∂t
Or equivalently,
°∂ 2 i j ( x, t ) ∂x 2 = λ j ∂ 2 i j ( x, t ) ∂t 2
(8)
® 2
2
2
2
°̄∂ u j ( x, t ) ∂x = λ j ∂ u j ( x, t ) ∂t
where j = 1,2,3, and j represented the different transmission line
modes.
The solution to equation (8) is,
u j ( x, t ) = ( f j (t − x λ j ) + g j (t + x λ j ))
(9)
From equation (9), one can observe that the voltage u j ( x, t )
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consists of two traveling waves that transmit to the opposite
directions. The wave velocity is,
(10)
vj = 1 λj
where j =1,2,3.
B. Connections of mode networks during faults with the new
transformation matrix
For different types of faults on the transmission line, it is
necessary to choose appropriate modes to calculate the fault.
The selection of a certain mode is according to the connection
of mode networks during faults. Therefore, constructing the
mode networks during faults with the new transformation
matrix is essential to ensure applicability of (4) for fault
location. To construct the mode networks during faults, an
example test system is built in PSCAD/EMTDC. The example
test system is a 500 kV system with a 200km untransposed
transmission line. The tower is shown in Figure 2. The source
parameters are shown in Table 1.
10m

10m

A

C

The fault admittance matrix in the mode network Y120 f can
be calculated as,
ª 1.05 y f
0.013 y f
0.013 y f º
«
»
f
-1
−0.022 y f » (16)
Y120 = TiY f Tu = «0.013 y f
0.98 y f
«0.013 y f −0.022 y f
0.98 y f »¼
¬
It can be observed that the off-diagonal components of the
mode admittance matrix Y120 f are small. Therefore, the offdiagonal elements are ignored, resulting in,
Y120 f = diag ([1.05 y f 0.98 y f 0.98 y f ])
(17)
Hence, the distance can be calculated using all the three
modes, and different modes will get the same fault location
distance. In practice, since the source of the power system is
typically close to symmetrical, the equivalent source inside
mode 1 might be very small and therefore the current in mode
1 might also be small. Therefore, in general, mode 2 and mode
3 are better candidates compared to mode 1. The model network
is shown in Figure 3.
Mode 3
network

30m

B

and y f is the fault admittance per phase.

u3 ( d , t )

Figure 2. Tower structure of the transmission line
Left source
Right source
Source impedance (per
0.9+j0.377 (ohm)
0.5+j0.0628 (ohm)
phase)
Frequency
60 Hz
60 Hz
30°
0°
Phase angle
Table1. Sources parameters

For the transmission line, the new transform matrix can be
calculated by (6) through eigenvalue decomposition,
ª −0.5796 −0.5772 −0.5772 º
ª −0.5395 −0.5964 −0.5964 º
Ti = « 0.8434 −0.3815 −0.3815 » ,Tu = « 0.8163 −0.4099 −0.4099 »
« 0
« 0
−0.7071 0.7071 »¼
−0.7071 0.7071 »¼
¬
¬
One can actually observe that these two transformation
matrices have very similar structures as the Clarke
transformation matrix in (3): for the first row, the three elements
are similar (corresponding to zero mode); for the second row,
the last two elements are similar and the summation of all three
elements is close to zero (corresponding to alpha mode); for the
third row, the first element is zero and the summation of the
next two elements are close to zero (corresponding to beta
mode).
In the following part of this section, the new matrices will be
used to obtain the connections of mode networks during
different types of faults.
Define the three phase currents at fault location flowing into
the fault as,
(11)
I f (t ) = [ I a f (t ) I b f (t ) I c f (t )]T
The three phase voltages at fault location d is,
(12)
ud (t ) = [ua ( d , t ) ub ( d , t ) uc ( d , t )]T
Define the three mode currents at fault location flowing into
the fault as,
(13)
I123 f (t ) = [ I1 f (t ) I 2 f (t ) I 0 f (t )]T
The three phase voltages at fault location d is,
(14)
ud 123 (t ) = [u1 ( d , t ) u2 ( d , t ) u3 ( d , t )]T
1) Three phase fault
For a three phase fault, at the fault location, the relationship
between the three phase currents and voltages is,
I f (t )=Y f ud (t )
(15)
where the fault admittance matrix is Y f = diag ([ y f y f y f ]) ,

0.98 y

Mode 2
network

I 3 f (t )

u1 ( d , t )

u2 ( d , t )

I1 f (t )

I 2 f (t )
0.98 y

f

Mode 1
network

1.05 y
f

f

Fault network

Figure 3. The model network for three phase fault

2) Phase to phase fault
Mode 3
network

u3 (d , t )

Mode 2
network

I 3 f (t )

Mode 1
network

u1 ( d , t )

u2 ( d , t )
I 2 f (t )

I1 f (t )

2yf
Fault network

Figure 4. The fault network for phase to phase fault

Here we take phase B to phase C fault as an example. For
phase B to phase C fault, at the fault location, the relationship
between the three phase currents and voltages is,

ª0
º
«
I (t )=Y f ud (t ) =
y f − y f » ud (t )
(18)
«
»
y f »¼
«¬ − y f
where y f is the fault admittance between phase B and C.
Similarly, the fault admittance matrix in the mode network
Y120 f can be calculated as,
f

ª−7.4×10−32 yf −7.4×10−32 y f −3.1×10−16 y f º
«
»
−29
1.1×10−29 y f
4.6×10−14 y f » (19)
Y120 = TY
yf
i f Tu = « 1.1×10
« 4.7×10−16 y f 4.6×10−16 y f
»
2y f
¬
¼
It can be observed that the matrix can be approximated as,
Y120 f = diag ([0 0 2 y f ])
(20)
f

-1

In this mode admittance matrix Y120 f , only the mode 3
diagonal component is non-zero. Hence, for phase B to phase C
fault, the mode 3 is used to calculated the fault location and
mode 1 and 2 are not with the information of fault location.
The model network is shown in Figure 4.
3) Double phase to ground fault
Here we take phase BC to ground fault as an example. For
phase BC to ground fault, at the fault location, the relationship
between the three phase currents and voltages is,
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y f ])ud (t )

(21)

where y f is the fault admittance of phase B and C.
Similarly, the fault admittance matrix in the mode network
Y120 f can be calculated as,
−16

ª 0.67 y f
0.44y f
2.9×10 y f º
«
»
f
−1
0.44 y f
0.23y f
2.35×10−14 y f » (22)
Y120 = TY
i f Tu = «
«1.2×10−16 y f 1.3×10−16 y f
»
yf
¬
¼
It can be observed that the matrix can be approximated as,

ª0.67 y f 0.44 y f 0
«
Y120 = « 0.44 y f 0.23 y f 0
« 0
yf
0
¬
The model network is shown in Figure 5.
f

Mode 3
network

Mode 2
network

u3 (d , t )

yf

(23)

Mode 1
network

u1 (d , t )

u2 ( d , t )

I 3 f (t )

º
»
»
»
¼

I 2 f (t )

I1 f (t )

Complicated coupling network

Fault network
Figure 5. The fault network for double phase to ground fault

The mode admittance matrix Y120 f of phase BC to ground
fault is more complicated than that of the phase B to phase C.
Similar as the phase B to phase C fault, the mode 3 can also be
selected to calculate the fault location. However, mode 1 and 2
are coupled and the connection of the mode network can be very
complicated. For these two modes each mode current is related
to the other mode voltage, which is the phenomenon of model
mixing [10]. Therefore, mode 1 and 2 are not selected to
calculate the fault location.
4) Single phase to ground fault
Here we take phase A to ground fault as an example. For
phase A to ground fault, at the fault location, the relationship
between the three phase currents and voltages is,
I f (t ) = Y f ud (t ) = diag ([ y f 0 0])ud (t )
(24)
where y f is the fault admittance of phase A.
Similarly, the fault admittance matrix in the mode network
Y120 f can be calculated as,
ª 0.34 y f
−0.49 y f
−5.2 ×10−16 y f º
«
»
−1
= « −0.49 y f
0.71y f
7.5 ×10−16 y f » (25)
Y120 f = TY
i f Tu
«−8.7 ×10−18 y f 1.3 ×10−17 y f 1.4 ×10−32 y f »
¬
¼
It can be observed that the matrix can be approximated as,

ª 0.34 y f −0.49 y f 0º
Y120 f = «« −0.49 y f 0.71y f 0»»
(26)
«¬ 0
0
0»¼
The model network is shown in Figure 6.
For the single phase to ground fault, similar as the double
phase to ground fault, the mode 1 and 2 have mode mixing
phenomena . For these two modes each mode current is related
to the other mode voltage and the connection between them is
complicated. On the other hand, mode 3 is an open circuit and
therefore it does not contain any fault component. In fact, the
existing method also has the similar mode mixing issue. Present
solution is to use the average wave speed of alpha mode and
zero mode as the approximate wave speed and approximate the
fault location [10,13], but the method may still encounter errors
during extreme scenarios. As this is a common issue in present
natural frequency based fault location approaches, in this paper,

we will not discuss the fault location results for single line to
ground faults.
Mode 3
network

u3 (d , t )

Mode 2
network

I 3 f (t )

u2 ( d , t )

Mode 1
network

u1 (d , t )
I 2 f (t )

I1 f (t )

Complicated coupling network

Fault network
Figure 6. The fault network for single phase to ground fault

IV. NUMERICAL EXPERIMENTS
To verify this proposed method, an example test system is
built in PSCAD/EMTDC. The transmission line is a 500 kV,
200km untransposed transmission line with tower structures
shown in Figure 2. The fault location is calculated using three
phase current signals at one terminal. The sampling rate is 100
kilo-samples per second.
As mentioned in section III.B, new transformation matrix has
similar structure as the Clarke transformation matrix: mode 1,
2 and 3 using the new transformation matrix correspond to
mode zero, alpha and beta using the Clarke transformation
matrix. From equation (10), the alpha mode wave speed and
beta mode wave speed are 2.9325 ×108 m / s and
2.9377 ×108 m / s , respectively; the mode 2 wave speed and
2.9401×108 m / s
mode 3 wave speed are
and
2.9300 ×108 m / s , respectively. The error between the
proposed method wave speed and existing method wave speed
is about 0.26%.
From the new transformation matrix, it is obvious to find that
mode 3 is exactly the same as the Clarke’s transformation beta
mode, so the dominant frequency extracted by the two modes
are exact the same. Here, we verify the dominant frequency
difference between the mode 2 and alpha mode through three
phase ABC faults at different locations with different fault
impedances. The absolute differences of the dominant
frequencies are depicted in Figure 7. The maximum absolute
difference is around 0.4Hz. This frequency difference
contributes to the fault location error of the existing approach.
Difference of dominant freqeuncy(Hz)

I f (t ) = Y f ud (t ) = diag ([0 y f

Figure 7. Absolute differences of the dominant frequency between the
proposed method and the existing method

Next, the performance of the proposed method is compared
to the existing dominant frequency fault location method using
the Clarke transformation. Here, we will show the performance
during three phase faults, BC faults and BCG faults to verify
the effectiveness of the proposed method. Different fault
distance L from 5km to 190km and fault impedance Rf from
0.01 to 10 ohm are considered. For each case, the fault location
distance error of the proposed method (red lines in the Figure),
and the existing method error (blue lines in the Figure) are
provided.
A. Test case 1: three phase fault
This test case studies a group of low impedance three phase
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error(%)

faults with different fault location distance L (from 5km to
190km) and different fault impedances Rf (0.01ohm, 1ohm,
2ohm, 10ohm). The fault location errors of the proposed
method and the existing method are shown in Figure 8. It can
be observed that the proposed method presents higher accuracy
than the existing method. According to Figure 8, the maximum
error of proposed method is lower than that of the existing
method (about 0.20%).

Figure 8. Results of three phase faults, variable fault location

B. Test case 2: phase B to phase C fault
This test case studies a group of low impedance phase B to
phase C faults with different fault location distance L (from
5km to 190km) and different fault impedances Rf (0.01ohm,
1ohm, 2ohm, 10ohm). The fault location errors of the proposed
method and the existing method are shown in Figure 9. It can
be observed that the proposed method presents higher accuracy
than the existing method. According to Figure 9, the maximum
error of proposed method is lower than that of the existing
method (about 0.25%).

error of proposed method is lower than that of the existing
method (about 0.25%).
D. Discussions
In the numerical experiments, the proposed method focuses
on the phase faults occurring on the transmission line, and it has
more accurate fault location results than the existing method.
The improvement of the fault location accuracy could be
valuable especially when applied to long transmission lines
with severe scenarios of line asymmetry (the improvement
could be in the order of several kilometers with long
transmission lines).
On the other hand, because of the mode mixing phenomenon
for the single line ground fault discussed in section III, there are
still challenges to obtain very accurate fault location results
(like the results in Figure 8-10). More accurate fault location
method will be discussed in future publications.
V. CONCLUSION
This paper proposes a natural frequency based fault location
method on untransposed transmission lines. Unlike the existing
natural frequency based fault location method, the proposed
method does not require the geometrically symmetrical
assumption of transmission lines. A new phase to model
transformation matrix is constructed and the connections of
mode networks during fault with the new transformation matrix
are derived. Numerical experiments prove that the proposed
method has higher accuracy compared to the existing method
during phase faults with different fault types, locations and
impedances. The way to systematically solve the mode mixing
phenomenon during single phase to ground faults will be
studied in future publications.

error(%)
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